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University of California, Berkeley
Physics 8A Fall 2005 (Yury Kolomensky)

SOLUTIONS FOR FINAL EXAM

Maximum score: 200 points

1. (20 points) Blitz
This is a set of simple questions to warm you up. The
problem consists oftenquestions, 2 points each.

1. Two hockey players skate toward each other with
equal speeds of 10 m/s (relative to the ice). What
is the speed of one of the skaters relative to the
other ?

Answer: 20 m/s

2. Circle correct answer. The coefficient of static
friction is usually

(a) smaller than the coefficient of kinetic fric-
tion.

(b) equal to the coefficient of kinetic friction.

(c) larger than the coefficient of kinetic fric-
tion.

Answer: (c)

3. Circle correct answer. When the net torque act-
ing on a particle is zero, the angular momentum
of the particle

(a) increases

(b) decreases

(c) is conserved

(d) All of the above

(e) None of the above

Answer: (c)

4. Circle correct answer. The pressure on the bot-
tom of a 10 m deep lake is approximately

(a) Zero

(b) 0.1 atm

(c) 1 atm

(d) 2 atm

(e) 10 atm

Answer: (d) (1 atm from air and 1 atm from wa-
ter)

5. Circle correct answer. Why does a real pendulum
“runs down” and eventually stops ?

(a) It looses its energy due to work done by
dissipative forces

(b) It looses its energy due to work done by
gravitational forces

(c) It looses its angular momentum due to
gravitational torques

(d) It is too damp

Answer: (a)

6. Circle correct answer. An astronomer, watching
a distant star that is moving away from Earth,
observes light that is

(a) Same color as light really emitted by the
star

(b) Redder than the light really emitted by the
star

(c) Bluer than the light really emitted by the
star

Answer: (b)

7. Circle correct answer. Two sound waves of
nearly equal frequencies are played simultane-
ously. What is the name of the acoustic phe-
nomenon you hear if you listen to these two
waves?

(a) Beats
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(b) Diffraction

(c) Harmonics

(d) Interference

Answer: (a)

8. Circle correct answer. The ideal gas model is
valid if which of the following conditions is true?

(a) The gas density is low

(b) The gas density is high

(c) The temperature is low

(d) The gas pressure is large

(e) All of the above

(f) None of the above

Answer: (a)

9. Circle correct answer. What additional kind of
energy makesCV larger for a diatomic gas than
for a monatomic one?

(a) Charismatic energy

(b) Translational energy

(c) Heat energy

(d) Rotational energy

(e) Solar energy

Answer: (d)

10. Explain why the pressure in a gas increases when
its temperature is raised at constant volume

Answer: As the temperature increases, the ki-
netic energy, and therefore, the average speed of
the molecules increase. For a fixed volume, it
means molecules collide with the walls more of-
ten, and transfer larger momentum to the walls in
each collision. Both effects increase the average
force on the walls, and hence pressure.

2. (30 points) Ski Jump
Ski jumpingis a nordic sport to be featured in the up-
coming Winter Olympics in Turin. Imagine an athlete
sliding down a45◦ ski ramp of heightH = 140 m,

starting at rest. The ramp flattens out to horizontal di-
rection at elevationh = 70 m, where the skier takes
off (see picture). The coefficient of friction between the
skis and the ramp isµ = 0.1. You can ignore the length
of the flat section at the bottom of the ramp, as well as
the air resistance and any lifting force in the air.

(a) (10 points) What is the speed of the skier at the
bottom of the ramp (just before takeoff) ?

(b) (10 points) What distances will the skier travel
and how long will he be in the air ?

(c) (5 points) What is the speed of the skier when he
lands ?

(d) (5 points) In the Olympics, the typical jumps can
be as long as 200 m. If your calculation in part
(b) deviates significantly from this distance, what
assumption we made was likely incorrect ?

H

h s

45o

2. Solution
(a) We can find the final velocity of the skier at the bot-
tom of the ramp using work-energy theorem. The initial
energy at the top of the ramp is purely potential

Etop = mgH

and the final energy is a combination of potential and
kinetic:

Ebottom = mgh +
mv2

2

Since there is a friction force on the ramp, the total me-
chanical energy is not conserved, but instead the change
in energy is the work of the friction force:

Ebottom − Etop = Wfr = −FfrL

whereFfr = µN is the magnitude of the friction force,
andL = (H − h)/ sin α is the length of the ramp.

To find the friction force, we need to draw the free-
body diagram and compute the normal forceN
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mg

X

Y

NFfr

α

The normal force is balanced in theY direction by the
projection of the gravity:

N = mg cos α → Ffr = µmg cos α

Finally, we can solve for velocity at the bottom:

mv2

2
+ mgh − mgH = −µmgL

v =

√

2g(H − h)

(

1 −

µ

tan α

)

= 35 m/s .(1)

You can also find the velocity using acceleration. In
X direction,

ax =
mg sin α − Ffr

m
= g(sin α − µ cos α)

And then using the standard formula

v2
f − v2

i = 2ax∆x

andvf = v, vi = 0, ∆x = L = (H − h)/ sin α, we get

v2 = 2g(H − h)
sin α − µ cos α

sin α

which clearly simplifies to Eq. (1).
(b) Now we will use the projectile motion. The initial
velocity of the skier is horizontal. The horizontal dis-
tance he covers is given by

s = vtflight (2)

wheretflight is the time he is in the air. Since his initial
vertical velocity is zero, the elevationh is related to the
flight time:

h =
gt2flight

2

We solve this first for time:

tflight =

√

2h

g
= 3.8 sec

Then, plugging into Eq. (2), we find the flight distance

s = vtflight = 133 m

((c) It is easiest to find the speed of the skier when he
lands using the energy conservation. We ignore air re-
sistance, therefore

Eland =
mv2

land

2
= Ebottom =

mv2

2
+ mgh

vland =
√

v2 + 2gh = 51 m/s

That’s very high, and in fact could easily be lethal. So
obviously, our calculation is too simple.
((d) In fact, the Olympic skiers routinely record jumps
of over 200 m, and they land at relatively modest
speeds. The reason for this discrepancy is air resis-
tance. In horizontal direction, it slows the skier down,
so naively it would decrease the range. But a more im-
portant effect happens in the vertical direction, where
air resistance provides a lift. In other words, air slows
down skier’s fall, making the flight longer, and reduc-
ing the landing speed. In fact, if you watch this even in
the Olympics, you may notice that the jumpers orient
their skis and the bodies so that they act like wings. The
Flying Finnsare pretty good at this !

3. (35 points) Fountains of Peterhof
Peterhof, now known asPetrodvorets, was built on the
shores of the Baltic outside of St.Petersburg by Peter the
Great as his summer residence. It is famous for its lux-
urious palaces, designed by the best Italian architects of
the 18th century, and its magnificent canals, water cas-
cades, and fountains. The largest fountain,the Samson,
features a 20 m high vertical water jet.

(a) (10 points) With what velocity does the water
exit the nozzle of the fountain ?

(b) (10 points) What water pressure is required for
the fountain to operate ?

(c) (5 points) The nozzle diameter is about 4 cm.
What is the water flow rate ?

(d) (10 points) What is the diameter of the jet 10 m
from the nozzle ? Notice that the water flowsup-
ward from the nozzle of the fountain.
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3. Solution

(a) This problem is a fairly straightforward applica-
tion of Bernoulli and continuity equations. First, the
height of the jet is related to the velocity through the
Bernoulli’s equation:

pa +
ρv2

2
= pa + ρgH

whereρ is the density of water andH = 20 m is the
full height of the jet. The external atmospheric pressure
pa is the same at the nozzle and at the top of the jet.
Therefore, the nozzle velocity is

v =
√

2gH = 20 m/s .

That is the same vertical velocity any object (e.g. a ball)
would need to go up to elevationh = 20 m.

(b) Again, Bernoulli’s equation tells us the pressure re-
quired to push the water with velocityv if it were ini-
tially at rest:

p = pa +
ρv2

2
≈ 3 × 105 Pa = 3 atm

wherepa = 1 atm andρ = 1000 kg/m3. So thegauge
pressureis 2 atm. This is the pressure in a large pipe that
feeds the fountain. The interesting feature of Peterhof
fountains is that they are gravity-fed,i.e. the pressure is
provided by the natural springs, which run off the local
hills.

(c) The flow rate through the nozzle is

R = Av =
πd2

4
v = 0.025 m3/s = 7 gpm

(d) This is a combination of the continuity and
Bernoulli’s equations. At the elevationh2 = 10 m,
the velocity of the water can be computed from the
Bernoulli’s equation:

pa + ρgh2 +
ρv2

2
= pa +

ρv2

2
= pa + ρgH

v2 =
√

2g(H − h2) = 14 m/s

The continuity equation requires that the flow rates at
two points of the jet are equal:

R = Av = A2v2

or

π
d2

4
v = π

d2
2

4
v2

which means the diameter of the jet at elevationh2 =

10 m is

d2 = d1

√

fracvv2 = 5 cm

4. (30 points) To the other side of the Earth
Imagine a straight tunnel bored through the center of
the Earth from one point on the surface to the other
side. We’ll assume that the tunnel is carefully built to
withstand large temperatures and pressures in the mid-
dle of the Earth, and it is evacuated well enough to ig-
nore air resistance inside the tunnel. If you drop a rock
into this tunnel, it will experience a gravity force di-
rected straight toward the center of the Earth. Calcula-
tions show that the weight of the rock inside the tunnel
depends linearly on the distancer from the center of
the Earth:W (r) = mgr/R wherem is the mass of the
rock, g = 10 m/s2, andR = 6400 km is the radius of
the Earth.

(a) (15 points) How long would it take for the rock
to reach the other side of the tunnel ?

(b) (10 points) Find the velocity and acceleration of
the rock at the center of the Earth

(c) (5 points) Find the velocity of the rock when it
reaches the other end of the tunnel

4. Solution
(a) This was out problem of the week. The first thing to
do here is to realize that the standard kinematic equa-
tions for constant acceleration do not apply here, since
the acceleration is not constant. If the weight of the rock
(or gravitational force) varies linear with the distance
from center, then the acceleration also varies linearly:

a =
g

R
r

The acceleration always points to the center of the
Earth. Let’s call the distance to the centery. If the
rock is in an evacuated tunnel above the center of the
Earth,y > 0, but the acceleration points downward, so
ay < 0. If the rock is past (below) center, theny < 0,
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but ay > 0. So the acceleration is always proportional
to y and has an opposite sign:

ay = −

g

R
y (3)

Compare this to the acceleration experienced by a mass
on a spring:

x = −

k

m
x

For a spring, we know that this equation describes the
simple harmonic motion with angular frequencyω =
√

k/m. Likewise, Eq. (3) is the equation for simple har-
monic motion with angular frequency

ω =

√

g

R

and period

T =
2π

ω
= 2π

√

R

g
= 5000 sec = 84 min

Incidentally, the same formula also gives the period of
one revolution for a low-flying Earth satellite. Now,
when the rock gets to the other side of the Earth, it
would travel for half of the period; therefore, the time
of the journey would be

t = T/2 = 42 min

(b) It is obvious from Eq. (3) that at the center of the
Earth (y = 0) the acceleration is zero. But what about
speed ? If the position of the rock is described by

y(t) = R cos ωt

then the velocity as a function of time is

v(t) =
dy

dt
= −Rω sin ωt (4)

The center of the Earth corresponds tot = T/4 =

21 min (you can see that it automatically means
y(T/4) = 0), and the velocity at the center is

vcenter = v(T/4) = −Rω = −

√

gR = −8 km/s

Incidentally, this is also the formula for the velocity of
the satellite in orbit (well, actually, this is not an acci-
dent !) The− sign here means that the rock is moving
past the center and away from the top of the tunnel.

(c) When the rock reaches the end of the tunnel,t =

T/2, which according to Eq. (4) meansv(T/2) = 0.
This is obvious. During the motion, the rock acceler-
ates towards the center, then flies past it, and the gravity
starts to slow it down again. The other side of the Earth
corresponds to the other extreme of the oscillations. If
there is no friction in the tunnel, the mechanical energy
is conserved, so if the rock starts with zero velocity on
one end of the tunnel, it would reach the other end with
zero velocity. There, it would pause momentarily, and
then fall back into the tunnel to continue the oscilla-
tions.

5. (25 points) Piano tuning
A piano is tuned so that the middle C key emits sound
at a frequencyfC4 = 262 Hz and C-above-middle-C
at fC5 = 524 Hz. The piano tune uses anequal tem-
peramentspacing between notes. The white keys of its
middle octave consist of middle C (key C4); D4 (1 step
above middle C); E4 (2 steps); F4 (2.5 steps); G4 (3.5
steps); A4 (4.5 steps); B4 (5.5 steps); and C5 (6 steps).
Each step causes the frequency to bemultiplied by a
fixed factor.

(a) (10 points) Find the frequencies of A4 and E4

(b) (5 points) Find the beat frequency between the
second harmonic of G4 (fundamental frequency
of 392.6 Hz[1]) and the third harmonic of mid-
dle C4. (Pianos are tuned by listening for such
beats.)

Stringed instruments are tuned (for compositions
in the key of C) so that this beat frequency is
zero, producing a smoother tone. When a com-
position in a different key is played, the stringed
instrument can be retuned for that key, which
would be impossible for the piano.

(c) (10 points) In a 1931 Steinway grand piano, key
A4 uses steel strings of lengthl = 40.5 cm and
diameterd = 0.99 mm. What is the typical ten-
sion of these strings ? The density of steel is
ρ = 7.8 g/cm3.

5. Solution
(a) Equal temperamentspacing described above

means that for each step the frequency ismultiplied by
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a fixed amount. For instance,

fD4 = δfC4

fE4 = δfD4 = δ2fC4

etc. Hereδ is a multiplier that corresponds to 1 step. By
induction (i.e. continuing this logic to note C5),

fC5 = δ6fC4

which lets us compute the multiplier:

δ =

(

fC5

fC4

)1/6

= 21/6 = 1.122

So each step corresponds to a 12% increase in fre-
quency. Thus, we can compute each frequency in the
octave as

f = δnfC4 (5)

or

log f = n log δ + log fC4

wheren is the number of steps separating a given note
from C4. This last equation shows that the notes are lin-
early spaced on the log scale. So the musical scale is
logarithmic.

Using Eq. (5), we can now compute the frequencies
of A4 (n = 4.5) and E4 (n = 2):

fA4 = δ4.5fC4 = 440.6 Hz

fE4 = δ2fC4 = 330.1 Hz

(b) The 2nd harmonic of G4 has the frequency

f2,G4 = 2fG4 = 785.2 Hz

The 3rd harmonic of C4 has the frequency of

f3,C4 = 3fC4 = 786 Hz

and the beat frequency is

fbeat = 3fC4 − 2fG4 = 0.8 Hz

It is fairly easy to recognize these beats at the rate of
about once per second.

(c) The tension of the string is related to the velocity of
sound as

v =

√

T

µ

whereµ = ρA is the linear mass density andA =

πd2/4 is the cross sectional area of the string. The piano
strings are fixed at both sides, so the first harmonic of
a string satisfies theclosed-closedconfiguration for the
standing wave:

λ1 = 2l

where

λ1 =
v

f1

is the wavelength of the 1st harmonic, andf1 is its fre-
quency. From part (a) we knowf1 = 440.6 Hz (for the
piano tuned to C4 key). Putting all of this together, we
can solve for tension:

T = 4µl2f2
A4 = πρ (dlfA4)

2 = 765 N

6. (20 points) Quick Thanksgiving Dinner
It is 4 pm on a Thanksgiving evening, and you need
to prepare a holiday mealpronto. A quick trip to Safe-
way before they close earns you a 22 lb (m = 10 kg)
bird. To cook it as quick as possible, you stick it, still
frozen, into the microwave. Your fancy microwave can
be programmed to run a defrost cycle first and then cook
the meet on “High” power setting. How would you pro-
gram it ? For the purpose of this calculation, we will
assume that the meat consists mostly of water. The bird
was initially at Ti = −10◦C, and“Joy of Cooking”
recommends cooking poultry until the meat reaches a
temperature ofTf = 82◦C (180◦F). The specific heat
of water iscwater = 4200 J/kg/K, specific heat of ice
is cice = 2100 J/kg/K, and the latent heat of fusion for
water isLf = 333, 000 J/kg.

(a) (10 points) The “Defrost” setting delivers the av-
erage thermal power ofPd = 300 W to the
turkey (it actually turns the microwaves on and
off, to allow the heat to spread uniformly). How
long do you need to run the microwave on “De-
frost” before all the ice melts ?
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(b) (10 points) After “Defrost” cycle is complete, the
microwave turns to “High”, delivering thermal
power ofPh = 1 kW. The cooking stops when
the internal temperature reachesTf = 82◦C.
How long does that take ?

Enjoy your delicious meal !

6. Solution

(a) To melt the ice, we need to

1. Raise the temperature of ice fromTi = −10◦C
to Tm = 0◦C. This requires

Qw = mcice (Tm − Ti) = 2.1 × 105 J

of heat.

2. Melt the ice. This requires

Qm = mLf = 3.33 × 106 J

of heat.

The total heat required is

Qdefrost = Qw + Qm = 3.54 × 106 J

The time required to deliver this much heat ondefrost
setting is

tdefrost =
Qdefrost

Pd
= 3.3 hours

Clearly, this does not happen very fast.
(b) To cook the bird, we need to raise its temperature
from Tm = 0◦C toTf = 82◦C. This requires

Qcook = mcwater (Tf − Tm) = 3.44 × 106 J

of heat, and takes

tcook =
Qcook

Ph
≈ 1 hour

on “high” setting. So in total, you can have a turkey
cooked in a microwave in a bit under 4.5 hours. Most of
the time though is spent on defrosting instead of cook-
ing, so if you really need to cook the meat fast, do not
buy it frozen !

7. (40 points) Diving dangerously

(a) (10 points) If a scuba diver fills his lungs to full
capacity of5.5 L when10 m below the surface,
to what volume would his lungs expand if he rose
to the surface without breathing out ? Is this ad-
visable ? Assume that the temperature of the air
inside lungs remains constant atT ≈ 37◦C.

(b) (15 points) How much work would be done by
the air in the lungs during the ascend ?

(c) (15 points) If during the ascend the diver releases
some of the air, to keep the volume of his lungs
constant at5.5 L, what mass of the air is released
? UseM = 29 g/mol for the molar mass of air.

7. Solution

(a) Pressure increases linearly with depth below the sur-
face

P0 = Patm + ρgd, (6)

where, Patm = 1.01 × 105 Pa is the atmospheric
pressure,ρ = 103kg/m3 is the density of water, and
g = 9.8m/s2 is gravitational acceleration. Since the
diver is warm-blooded, her core temperature will not
change much during the rise to the surface, so the pres-
sureP and volumeV of the gas in her lungs obeys
PV = const. If the initial volume isV0 = 5.5L, this
implies a final volume of

Vf = V0

Patm + ρgd

Patm

= 10.8 L .

The volume of the lungs would double. Since this ma-
neuver would put substantial stress on the ribcage, risk-
ing fracture, it would not be advisable.

(b) The work done by the expanding gas is

W =

∫ Vf

V0

P (V )dV

At constant temperature,

PV = P0V0 = const

and

W = P0V0

∫ Vf

V0

dV

V
= P0V0 ln

(

Vf

V0

)

= 540 J
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(c) Here we will write ideal gas law in a less-commonly
used form:

PV =
m

M
RT

whereM = 29×10−3 kg/mole is the molar mass of air.
Normally, we keep the mass of the gas (and the number
of moles) constant, and look at changes of pressure, vol-
ume, or temperature. In this case, we keep the volume
and temperature constant, but change massm to match
the decrease in pressure.

Initially, the pressure of the gas is

P0 = Patm + ρgd = 1.99 × 105 Pa

the volume isV0 = 5.5 L, and temperature isT =

310 K. Therefore, the lungs contain

m0 =
P0V0M

RT
= 12.3 g

of air. At the surface, the pressure isP = Patm, and the
lungs should contain

msurface =
PatmV0M

RT
= 6.3 g

of air. Therefore, the diver would release

∆m = m0 − msurface = 6 g

of air. That’s a relatively small amount (by mass), but it
corresponds to significant volume.

[1] The problem posted on the web had a typo in the value

of the frequency of G4 note


